We prove that each linear action of Z n + on an infinite-dimensional Banach space generated by compact operators cannot be hypercyclic. This result generalizes a theorem of Kitai for the case of Z + actions. Contrary to the case of infinite dimension, a hypercyclic action of Z 3 + on C is given.
Introduction
Throughout the paper, we work with complex Banach spaces. The symbol Z + refers to the semigroup of nonnegative integers.
A bounded linear operator T on a Banach space X is said to be hypercyclic provided that there exists some x ∈ X such that {T n x} n∈Z + is dense in X. In 1969, Rolewicz gave the first example of a hypercyclic operator on a Banach space: if B is the backward shift on l 2 (Z + ), then λB is hypercyclic if and only if |λ| > 1 (see [6] ). He also showed that no linear operator on a finite-dimensional space is hypercyclic in the same paper. In 1982, Kitai proved that no compact operator on a Banach space is hypercyclic (see [4] ).
Hypercyclicity is closely related to the concept of topological transitivity in dynamical systems. Recently there is a considerable progress in the study of higher rank actions (i.e. Z n + or Z n actions) in dynamical systems (see [5] ). Inspired by this progress and the above result of Kitai, we ask the following question:
Is there a hypercyclic Z n + action generated by compact operators on a Banach space?
To make the question more precise, let us recall some definitions. Let X be a Banach space and let B(X) be the set of all bounded linear operators on X. Then under the composition of operators, B(X) is a semigroup. Let S be an abstract semigroup. We call a semigroup homomorphism α : S → B(X) a linear action of S on X. The action α is called hypercyclic if there is some x ∈ X such that the orbit
is dense in X, and such x is called a hypercyclic vector. Denote by Z n + the direct product of n copies of Z + . Then under the addition of vectors, Z n + is a commutative semigroup.
In Section 2, we prove the following theorem which generalizes the classical result of Kitai stated in the first paragraph.
In Section 3, contrary to the case of infinite dimension, we construct a hypercyclic action of Z 3 + on C.
Proof of the main theorem
Now we start to prove the main theorem of this paper. We follow the idea of Kitai's proof. 
Obviously,T i is a compact operator and if we letΛ i be the spectrum ofT i , thenΛ i ⊂ {λ ∈ C | |λ| < 1}. It is easy to see that the semigroupS generated byT 1 , . . . ,T n is also hypercyclic. Claim:Λ i = {0}, for all i ∈ {1, . . . , n}. Suppose the claim is false then there exists some i ∈ {1, . . . , n} with Λ i = {0}. We might as well letΛ 1 = {0}. Then there is a λ 1 ∈Λ 1 with 0 < |λ 1 | < 1. Consider the dual operator
SinceT 1 andT * 1 have the same spectrum andT * 1 is also compact, λ 1 is an eigenvalue ofT * 1 . Let W be the eigenspace ofT * 1 corresponding to λ 1 , i.e., W = {f ∈ (X/V ) * |T * 1 (f ) = λ 1 f }. By pairwise commutativity of theseT * i , W is also an invariant subspace ofT * i , for all 1 i n. Since every family of commutative operators on a finite-dimensional complex linear space must have a common eigenvector, there is some g ∈ W ,
This contradicts the fact thatx is a hypercyclic point ofS. 
. . , N n } . This contradicts the fact thatx is a hypercyclic vector ofS. So S is not hypercyclic, and thus we complete the proof. 2
An example
Next, we will show that Theorem 1.1 does not hold for finite-dimension space C n . Indeed, such a counterexample can be constructed on the space C. We first recall some definitions in dynamical systems.
Let X be a topological space and let C(X) be the semigroup consisting of continuous self-mappings of X, under composition. Suppose that S is an abstract semigroup. Then a semigroup homomorphism α : S → C(X) is called an action of S on X, and α is said to be minimal if the orbit Orb(x, S) = α(s)(x): s ∈ S is dense in X for every x ∈ X.
Given x ∈ R, define a map L x : R → R by L x (y) = y + x, for all y ∈ R. 
